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Altimetry principle from http://WWW.jason.oceanobs.com/html/alti/principe_uk.htrﬁl“- -
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Dec 1868: Available observations
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Generic problem of the analysis of time-evolving fields
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Carl Friedrich Gauss Discovery of least-squares estimation method: 1795

Gauss—Markov Theorem
If7°=HT + =,

(=0, (=N =R (:T") =0,
then the Least Squares Estimate (LSE)

,j‘-' — (HIR—] H)—IH’I'R—LTO

minimizes
S|T)=(HT - T°)'R™(HT - T°)
and is the Best' Linear Unbiased Estimate (BLUE) with error covariance

PY(T-TN(T-T)")=(H"RH)™.

¢ is normal = 7 is a Maximum Likelihood Estimate (MLE)
¢ and 7 are normal => 7 is the best among all (not necessarily linear) estimates.

(S )
1 . _q-‘é:—r“.‘

V[T -T2 = (T -T)'S(T —T)) — min VS =

minimal variance
, __ ~ (1777-1855)
= To combine various sorts of data:

T

=(P'+R 1) 1(PIM+R1D)

Data Assimilation: Optimal Interpolation (Ol),
Kalman Filter (KF), Optimal Smoother (OS)
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GENERAL PROBLEM OF RECONCILING MODELS WITH DATA

7;L+1:An7;1+6211 n=1,...,,N—1
T, =HT +¢e, n=1,...,N.

(e2) = (™Y =R,, n=1,...,N
(2 o]y =0, nl#ng, (€0 THY =0, nymy=1,...,N,
(™ =0, (eMe™"TV=Qn n=1,...,N—1
(Eglfi%T):U, nl%ng, (E,r]n]ﬂ?;)=0, nl,n2=1,...,N—1

(s"amT)—O, m=1,...,.N, my=1,...,N—-1
MINIMIZATION OF THE FULL COST FUNCTION:

S[ﬂaﬁ:'-'aTN] N ( T nO)TRgl(Hn% _7:10)—'_
ZRN;% (7;;+1 A T)TQn ( n+l = An%)

OPTIMAL SMOOTHER (0S) and KALMAN FILTER (KF)
“Sweep up” - KF:

7:,& = ﬁf + Kn (7? - Hnﬁf) )
ﬁf = Anﬁa—ls
K, = P{HT (H,P{H +R,)"
Pt = (I — K,H,)P/
P{=A, PO AT +Quy, n=23,... N

n—1

“Sweep down” — OS:
TS Tﬂ'. + Gn (7;1_{_1 - nlf-a) 3 Gn —_ ,::'
P, =P+ Gy (Pn+1 n+l) G, =N-

( ) ?
L.
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"’Sﬂlutlon minimizes the cost function
-~ S[T|=(HT-T,) RL(HT-T )+(T-Tz)"C1(T-T5)

T=(HTRH+C1) -L(HTRIT,+C1T,)



jvjEction of Ol soi l’Eon on
SIPENVECTOrS =EOFS =

C=E[)ET

[=FEz <
FOr JJHJOJJ(JFjv , R=rl, T:=T7-T4
IER  a=L {D+A’LET 7,
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'J‘“ m‘any applications (for spectrally red signals)
_diagenal elements of this matrix decrease from —1 to
—0. In effect, the solution Is constrained to the
subspace spanned by the patterns with d.>>r.
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Eigenvalue spectrum for global SST: 1951-1991 Same in log-log coordinates
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IMENIStisigood: the tall (strongly
drumoencm modes can be filtered from
WIESSOILI tion, i.e. the solution can be

i __-_:fe ely approximated by a linear
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~ APPROXIMATING COVARIANCE

C =EAE + EAE

Reduced space Successive corrections;
optimal analysis Kriging




SPACE REDUCTION

C = EANET + E'NE'T
T.=FEa,+¢,, n=1,...,N

ESTIMATION PROBLEM IN THE REDUCED SPACE
T°= H,Eoy, + (Hue" +¢2) ¥ Hoan+2°, n=1,...,N,

def 13
Oyt 1 :Anan—l—ETeg = A, a,+¢&', n=1,... N—1.

Qn: <€vmva> ET< m mT> _ ETQnE

'n,n

v ) = ((Hnep +€0)(Hney, + 27)") =
™Y+ Hylerhe!YHI ¢ R, + H,Q"H! * R, + R,




REDUCED SPACE OPTIMAL ANALYSIS

- Cost function:
Slai, ag,...,an] =N (Ho, — TO)TR Y Ha, — T.°) +
ZnN 1(an+1 A O‘n)TQ (O‘nJrl — Ano‘n)'

KF:
o’ = ol +K, ('T ’Hnaﬁ),
oy = Ana_y,
Ko = (HIR, Ho + P 1) HIR,!
Po = (I, — Ko Ha) P}
pf_An P 1“4 1+ Qna, n=23,...,N

OS:
C]i CY ‘I‘G ( n—l—l Anag)a
Gn_PaAT( n+1)_1:
Pi=Pe+Gn(Piy —Phi)GE, n=N-1,...,




Dec 1868: Available observations Dec 1868: Reconstruction
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El Nino of 1877-1878 in analyzed anomalies

SST "C Dec 1877 SLP mb Sep 1877-Jan 1878

180° 150W  1200W 0w

RSA_COADS_sstFP95 OS sstca T=Dec 1877 RSA_COADS_slp Ol mslpa T=Nov 18
point mean: 0.45326 + 0.81865 range [-1.7467 to 3.7493] point mean: 0.26096 + 0.97148 range [ -3.1618 to 5.633]
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Zonal wind, m/s: Nov 1877

rrZIGa?, Reduced space

pproach to the optimal analysis oo maan. 055470 & 1497 tange [4.8118 to 5.9475] oot moalr 0730255 % 068678 range 3. 1376 to 4.5608]
nterpolatlon Of hlstorlcal ma”ne Fguduoed space (80 EOFs) analysis of COADS uwnd data
observations: Accomplishments, r : y '

difficulties, and prospects, in
Advances in the Applications of
arine Climatology: The Dynamic
Part of the WMO Guide to the
Applications of Marine Climatology,
MO/TD-1081, pp. 199-216
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Cane, M.A., A. Kaplan, R:N:-Miller, B. Tang, E.C. Hackert, and A.J.Busalacchi, 1996: Mapping tropical Pacific
sea Ievel data assimilation via a reduced state space Kalman filter. J. Geophys. Res., 101, 22599--22617.
lan, and M. Cane, 1996: Sea level from temperature profiles in the tropical Pacific Ocean

Sea level height anomaly: RMS|T /P — Linear Model]

(a) No assimilation (b) Tlde gauges assimilated
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Evans, M:NEand As Keplanpz00Z2:8he: Pacific sector Hadley and Walker Circulations in historical marine wind
analVSEs I e Hadley ClrclatonmyZresent, Past and FuturesH.F.Diaz and R.S. Bradley: (Edsy)y Kluwer Academic
PHRISHEYSRINEIRER BRG], 239-258.
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Trl 'f‘ SIS good: the'selution can be
&ff /_» / approximated by a linear
co' o1k tlon of a few leading modes.

= _.T_J;;j = second is bad: the solution always

L_\

ME— i

=Z = Iess variance than the true field.
f"_ “Infact, C=<TT"™>+P
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o Trna J‘Jf\ﬂ.,.' 0O oltition canibe
SI9NEXIN ated Py a few leading modes.

IME Jau 10i1S bad: the selution always has less
Velflelglee I than the true field.

- ffj_ciii |rd IS Ugly: the solution Is always redder
e Siigan the truth' (because of predominant
= ampenmg of tail modes).

— ﬂgam It helps to remember that
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of least-so uares estimates of

GELRWESIEN PIOPErLE
jpeg"rra]]\ fee STEI 2 SEBeEN cCan e approximatedrpy 2
IEVWAMOAES, (nad) have lessivariance than the true
jglgalisand (Ugly) redder than the true signal.

r ege o @pertles can be used for making analyses of

1|mate data cheaper and less ambiguous in their

= -';-:: ‘T:E the effect ofi these properties Is stronger for poor
| — == data, and the data quality generally improves with time,
-~ Uuse of least-sguares analyses at face value, as If they
— Were the truth, poses a threat of misinterpretation.

- A possible way out (however expensive): use of
ensembles drawn from the posterior distributions rather
than a single ensemble mean.
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